Abstract. Let Γ 0 (n, N ) denote the usual congruence subgroup of type Γ 0 and level N in SL(n, Z). Suppose for i = 1, 2 we have an irreducible odd ndimensional Galois representation ρ i attached to a homology Hecke eigenclass in H * (Γ 0 (n, N i ), M i ), where the level N i and the weight and nebentype making up M i are as predicted by the Serre-style conjecture of Ash-Doud-PollackSinnott. We assume that n is odd, N 1 N 2 is squarefree and that ρ 1 ⊕ ρ 2 is odd. We prove two theorems that assert that ρ 1 ⊕ ρ 2 is attached to a homology Hecke eigenclass in H * (Γ 0 (2n, N ), M ), where N and M are as predicted by the Serre-style conjecture. The first theorem requires the hypothesis that the highest weights of M 1 and M 2 are small in a certain sense. The second theorem requires the truth of a conjecture as to what degrees of homology can support Hecke eigenclasses with irreducible Galois representations attached, but no hypothesis on the highest weights of M 1 and M 2 . This conjecture is known to be true for n = 3 so we obtain unconditional results for GL(6). A similar result for GL(4) appeared in an earlier paper.
Introduction
Scholze has proved [19] that any system of Hecke eigenvalues appearing in the mod p homology of a congruence subgroup of GL(n, Z) has an n-dimensional Galois representation ρ attached. (See Definition 2.3 for "attached.") Attention therefore turns to the question: given ρ, does there exist a congruence subgroup Γ of GL(n, Z), a coefficient module M and a Hecke eigenclass in H * (Γ, M ) with ρ attached? Work of Caraiani and Le Hung [13] shows that for this to happen ρ must be odd, i.e. ρ applied to complex conjugation must be similar to a matrix with alternating 1's and −1's on the diagonal (in other words, the multiplicities of 1 and −1 as eigenvalues must differ by at most 1) or p = 2.
The main conjecture of [10] , as refined in [8, Conjecture 3.1] , asserts that for odd ρ, the question in the preceding paragraph is to be answered in the affirmative. (For n = 2, this conjecture was made by Serre [21] and proven by Khare, Wintenberger [16, 17] and Kisin [18] .) Here (and throughout this paper) we are using [6, Lemma 2.4], which shows that it is equivalent to replace cohomology by homology as long as the coefficients are finite dimensional over F p .
In [8] we give precise recipes for the smallest possible level N of the group Γ and for a small finite set of possible irreducible modules M . Such an M is determined by giving its highest weight and its nebentype character.
The two main general theorems we prove, under the alternative assumptions discussed above, are Theorem 7.1 and Theorem 8.2. Both of these theorems require n to be odd. Remark 1.3. The only part of our proofs that requires n to be odd is the construction of an eigenclass in H k (Γ ± 0 (n, N ), M ) having ρ attached, given the existence of an eigenclass in H k (Γ 0 (n, N ), M ) with ρ attached.
By analogy with cuspidal automorphic forms, we also believe that as long as p is odd, for any even n and any odd irreducible Galois representation ρ : G Q → GL(n, F p ) attached to an eigenclass in H k (Γ 0 (n, N ), M ), this construction is possible, but we have been unable to prove it. With this as additional input, we could extend Theorem 7.1 and Theorem 8.2 to arbitrary n > 1 (with an adjustment to the degrees of the homology groups for even n).
What prevents us from extending our results to the sum of two Galois representations of unequal degrees, or to a sum of more than two Galois representations, is the breakdown of our argument concerning the spectral sequence E * qr of Theorem 2.5 in which we show that a class in the 1-page survives to the infinity-page. Note that this is different from the problem mentioned above of showing that an eigenclass in the 2-page of the Hochschild-Serre spectral sequence (which we denote by E * ij ) survives to the infinity-page. In fact, the Hochschild-Serre spectral sequence is used to construct the eigenvector in the 1-page of the spectral sequence E * qr . The main new tool that we use in this paper is a result on the admissibility of the cohomology of the unipotent radical of a parabolic subgroup with coefficients in an admissible module (see section 5). This result is crucial to allow the use of Scholze's theorem in showing sufficient degeneration of the Hochschild-Serre spectral sequence.
The contents of the other sections of the paper are as follows. In section 2 we review definitions and results from [7] , in particular a new resolution of the Steinberg module of a vector space in terms of Steinberg modules of smaller dimensional spaces. In section 3 we give the construction mentioned in Remark 1.3 and we prove the result about the spectral sequence E * qr mentioned two paragraphs above. Sections 4 and 5 present new results on the homology of a parabolic subgroup in Γ viewed as a Hecke-module. In sections 6 and 7 we prove our main theorem for the case of M with very small highest weight. Here we use an explicit study of the weights for the diagonal matrices that appear in the homology of the unipotent radical in order to obtain the necessary amount of degeneration in the HochschildSerre spectral sequence. In section 8 we do the same thing for general M under the hypothesis mentioned above about Galois representations attached to homology outside the cuspidal range.
Results of [7]
In this section, we review some of the main definitions and results of [7] that we will use.
2.1. Γ 0 (n, N )-orbits of subspaces of Q n . Let GL(n, Q) act on the right on Q n via matrix multiplication (considering the elements of Q n as row vectors). We define the following subsets of GL(n, Q). For the remainder of the paper, we fix a prime number p.
Definition 2.1. Let n, N be positive integers.
(1) S ± 0 (n, N ) consists of the integer matrices with determinant prime to pN whose top row is congruent modulo N to ( * , 0, . . . , 0). (2) S 0 (n, N ) consists of the elements of S ± 0 (n, N ) with positive determinant.
We note that Γ 0 (n, N ) and Γ ± 0 (n, N ) are subgroups of GL(n, Q), while S 0 (n, N ) and S ± 0 (n, N ) are subsemigroups. In [7, Theorem 5.1], we prove the following theorem.
Theorem 2.2. Let 0 < k < n and assume that N is squarefree. Then the Γ 0 (n, N )-orbits of k-dimensional subspaces of Q n are in one-to-one correspondence with the set of positive divisors of N , where the orbit corresponding to the divisor d contains the k-dimensional subspace spanned by
where e i denotes the standard basis element of Q n with a 1 in the ith column and zeroes elsewhere.
The Γ 0 (n, N )-orbits are stable under the action of S Typically, when k is understood from the context, we omit it. We call P d a representative maximal parabolic subgroup, and denote its unipotent radical by U d and its Levi quotient by
For a subgroup Γ of GL(n, Z) and a maximal parabolic subgroup P , we write Γ P = Γ ∩ P and Γ U = Γ ∩ U , where U is the unipotent radical of P . We denote by Γ L the quotient Γ P /Γ U . Similarly, for a subsemigroup S ⊂ GL(n, Q), we write
For a matrix s ∈ P k 0 , we may write s as a block lower triangular matrix
with A a k × k invertible matrix and C an (n − k) × (n − k) invertible matrix. We define maps ψ 
2.2. Hecke operators and Galois representations. For a positive integer N prime to p, (Γ 0 (n, N ), S 0 (n, N )) is a Hecke pair (see [1] ), and we denote the F palgebra of its double cosets by H n,N . We note that H n,N is commutative, and is generated by the double cosets
where s( , n, k) = diag(1, . . . , 1, , . . . , ) is a diagonal matrix with k copies of on the diagonal, runs over all primes not dividing pN , and 0 ≤ k ≤ n. The algebra H n,N acts on the homology and cohomology of Γ 0 (n, N ) with coefficients in any
When the double coset of s( , n, k) acts on homology or cohomology, we denote it by T n ( , k).
Definition 2.3. Let V be any H n,N -module, and suppose that v ∈ V is a simultaneous eigenvector of all the T n ( , k) for pN , with eigenvalues a( , k) ∈ F p . Suppose that ρ : G Q → GL(n, F p ) is a Galois representation unramified outside pN . We say that ρ is attached to v if, for all pN , Theorem 2.4. Let V be an n-dimensional vector space over a field K with n > 0. Then there is an exact sequence of GL(V )-modules
where W i runs through all subspaces of V of dimension i.
Applying the spectral sequence of [12] to this exact sequence, as in [4, 7] , we obtain the following theorem.
Theorem 2.5. Let (Γ, S) = (Γ 0 (n, N ), S 0 (n, N )), for some positive squarefree integer N , and let M be an admissible S-module. Then there is a convergent Hecke equivariant spectral sequence
where the terms E 1 q,r are given by
where V = Q n .
2.4. Admissibility of homology with trivial coefficients. From now on, assume that F is a finite field of characteristic p. We recall the following definition of an admissible module.
Definition 2.6. Let S be a subsemigroup of the matrices in GL(n, Q) with integer entries whose determinants are prime to pN . A (p, N )-admissible S-module M is an FS-module of the form M ⊗ F , where M is an FS-module, finite dimensional over F, on which S ∩GL(n, Q) + acts via its reduction modulo p, and is a character : S → F × which factors through the reduction of S modulo N . An admissible module is one which is (p, N )-admissible for some choice of N .
Let P be a maximal parabolic subgroup of GL(n, Q), and let U be its unipotent radical. Let (Γ, S) be a congruence Hecke pair, such that Γ U and S U have the same reduction modulo p. Note that if we take (Γ, S) to be (Γ 0 (n, N ), S 0 (n, N )), then the natural map of Hecke algebras H(Γ P , S P ) → H(Γ, S) is an isomorphism (see [7, Remark 6.5]).
Theorem 2.7. [7, Theorem 11.3] With the natural action of
2.5. Cohomology of Γ U . A p-restricted n-tuple (a 1 , . . . , a n ) is an n-tuple of integers satisfying 0 ≤ a i − a i+1 ≤ p − 1 for 1 ≤ i < n, and 0 ≤ a n < p − 1. It is well known [14] that the set of isomorphism classes of irreducibleF p [GL(n, F p )]-modules is parametrized by the set of p-restricted n-tuples, with the n-tuple (a 1 , . . . , a n ) corresponding to the restriction to GL(n, F p ) of the irreducibleF p [GL(n,F p )]-module with highest weight (with respect to the standard maximal torus T ) (a 1 , . . . , a n ). We denote the irreducible module with highest weight (a 1 , . . . , a n ) by F (a 1 , . . . , a n ).
As in [7] , we will relax the condition 0 ≤ a n < p − 1, while keeping the other conditions. Any such n-tuple still corresponds to a unique GL(n, F p )-module, which we denote by F (a 1 , . . . , a n ), but there are now infinitely many n-tuples that correspond to a given module (two n-tuples correspond to the same module if they differ by a multiple of the constant n-tuple (p − 1, . . . , p − 1)).
Let M be a right GL(n, F p )-module, let N be a positive integer prime to p, and let d be a positive divisor of N . Set (Γ, S) = (Γ 0 (n, N ), S 0 (n, N )), and let S act on M via reduction modulo p. Then M is an admissible
× taking each element of S to the mod N reduction of its (1, 1) entry. For a character : (Z/N Z) × → F, we define a nebentype character S → F (which we will also call ) to be • θ.
Let P 0 = P k 0 be a standard maximal parabolic subgroup, as defined in subsection 2.1.
U be the unipotent radical of P , and define Γ U , S P , and S L as in subsection 2.1. We write M d for the S P -module consisting of the elements of M , with S p acting via
When using this notation, if d = 0, we omit it; similarly if = 1, we omit it. As in [4, Section 5], we note that if M is an irreducible GL(n, F p )-module, M and M d are isomorphic as S P -modules (with g d as an intertwining operator). We prove the following theorem in [7] .
Theorem 2.8.
[7, Theorem 9.1] Let N be squarefree and prime to p, let :
Galois representations. In [7]
, we prove the following theorem, which tells us that a system of Hecke eigenvalues in the cohomology of a congruence subgroup of a parabolic subgroup of type (n 1 , n 2 ) has an attached Galois representation that is reducible as a sum of an n 1 -dimensional and an n 2 -dimensional Galois representation.
Theorem 2.9. [7, Theorem 6.3 and Theorem 11.5] Let P be a maximal Q-parabolic subgroup of GL(n, Q) with unipotent radical U and Levi quotient L = P/U and let
We also prove the following in [7] . Here, Γ
corresponding to the first factor, and the component Γ ± L 2 is the portion corresponding to the second factor.
, with unipotent radical U and Levi quotient L, and denote the two components of the Levi quotient by
be an eigenclass of all the Hecke operators T ki ( , j). Then f 1 ⊗f 2 may be considered as an element of H s1+s2 (Γ ± L , M ), and if each f i is attached to a Galois representation ρ i , then
2.7. Hecke equivariance of a Hochschild-Serre spectral sequence. Let P be a maximal parabolic subgroup of GL(n, Q), U its unipotent radical, and W the maximal proper subspace of Q n stabilized by P . Then there is an exact sequence
where Γ L = Γ U /Γ P . The Hochschild-Serre spectral sequence for this exact sequence takes the following form:
In [7, Theorem 7.11], we prove
The Hochschild-Serre spectral sequence described above is Hecke equivariant for H(Γ P , S P ), and a given system of Hecke eigenvalues occurs in
Remark 2.12. In [7] the assertions of Theorems 2.10 and 2.11 are made only for representative maximal parabolic subgroups, but they hold for any rational maximal parabolic subgroup P , since any such P is conjugate by an element of Γ 0 (n, N ) to a representative maximal parabolic subgroup.
Preliminary results on Galois representations and Homology
We begin our analysis of Galois representations with some results about attachment that are related to the parity of their determinant characters. Let c ∈ G Q be a complex conjugation.
Definition 3.1. For a Galois representation ρ : G Q → GL(2, F) with p > 2, say that det(ρ) is odd if det(ρ(c)) = −1, and det(ρ) is even if det(ρ(c)) = 1.
Remark 3.2. This terminology matches the standard terminology for Dirichlet characters, although it differs from the terminology for Galois representations (where any one-dimensional Galois representation would be odd).
We note that if n is odd and p > 2, two odd representations ρ 1 , ρ 2 : G Q → GL(n,
Proof. Since ρ is attached, for pN , we have det(ρ(Fr )) = n(n−1)/2 a n ( , n), where a n ( , n) is the eigenvalue of T n ( , n). However, T n ( , n) is given by the action of the scalar matrix I n , which acts via the central character of F (a 1 , . . . , a n ) . Hence, for pN , we see that
Hence, since a Galois representation is determined by its values on Frobenius elements, we see that det(ρ) = ω a1+...+an+n(n−1)/2 .
Corollary 3.4. Let p > 2, let n be odd and assume that ρ :
. . , a n ) ).
(1) If n ≡ 1 (mod 4), then det(ρ) is even if and only if diag(−1, . . . , −1) acts trivially on F (a 1 , . . . , a n ) . (2) If n ≡ 3 (mod 4), then det(ρ) is odd if and only if diag(−1, . . . , −1) acts trivially on F (a 1 , . . . , a n ) .
Proof. This follows since the images of complex conjugation under ω and are −1 and (−1), respectively.
Theorem 3.5. Assume p > 2. Let n, N be positive integers with n odd, and let M be a GL(n, F p )-module on which −I ∈ GL(n, Z) acts trivially. Then for any r,
A similar theorem holds for cohomology.
Proof. Since −I acts trivially on M , it acts trivially on H r (Γ 0 (n, N ), M ). Because n is odd,
Then [12, Proposition III.10.4] (adapted to homology) shows that the corestriction map induces an isomorphism
Since corestriction is Hecke invariant ([11, Lemma 1.1.3]), we see that corestriction induces an isomorphism of Hecke modules.
The proof for cohomology is similar.
We next use Theorem 2.9 to prove the following theorem concerning the spectral sequence of Theorem 2.5. Note that the virtual cohomological dimension (VCD) of Γ is 2n(2n − 1)/2 = 2n 2 − n. We need this when we apply Borel-Serre duality [9] .
Theorem 3.6. Let (Γ, S) = (Γ 0 (2n, N ), S 0 (2n, N )), and let d|N . Let ρ = ρ 1 ⊕ ρ 2 be a sum of two irreducible n-dimensional Galois representations, and assume that ρ is attached to a Hecke eigenclass in
Then ρ is attached to an eigenclass in at least one of
Remark 3.7. Note that although we make no assumption that ρ is odd in the theorem, the conclusion makes it clear that any ρ attached to a Hecke eigenclass in E 1 n−1,r must be odd. Proof. Assume that ρ is attached to an eigenclass ξ in E 1 n−1,r . By Theorem 2.9, all the terms in E 1 n−1,r are finite dimensional over F. Because the spectral sequence is Hecke equivariant, the only way that ξ can fail to survive to the infinity-page of the spectral sequence would be for ρ to be attached to an eigenclass in some E 1 n+k,r−k with 0 ≤ k ≤ n − 1, or an eigenclass in E 1 n−2−k,r+k with 0 ≤ k ≤ n − 2. Now, by Theorem 2.9, and the fact that the Hecke operators preserve the summands of the terms in the spectral sequence, any eigenclass in E 1 n−2−k,r+k corresponds to a Galois representation with an (n − k − 1)-dimensional summand. Since 0 < n − k − 1 < n, this eigenclass cannot have ρ attached, so it cannot kill ξ.
Similarly, for 0 ≤ k < n − 1, since 2n − (n + k + 1) = n − k − 1, any eigenclass in E 1 n+k,r−k corresponds to a Galois representation with an (n − k − 1)-dimensional summand, and so cannot have ρ attached, and cannot kill ξ.
So, either ξ survives to the infinity-page of the spectral sequence, giving rise to an eigenclass in H r+n−1 (Γ, M ) having ρ attached, or it is killed by an eigenclass where k = n − 1, i.e. in
that has ρ attached, where the last isomorphism comes from Borel-Serre duality. By [6, Lemma 2.4], we see that in the latter case, ρ is attached to an eigenclass in H 2n 2 −r−1 (Γ, M ).
A Künneth theorem for Hecke actions on homology
In the present paper, we need to extend the results of [4, Section 10] slightly, to apply to a different group. Using a proof essentially identical to that of Theorem 10.1 and Corollaries 10.2 and 10.3 of [7] , we obtain the following theorem, which is similar to Theorem 2.10, but for a different group. Theorem 4.1. Let (Γ, S) = (Γ 0 (n, N ), S 0 (n, N )), let P = P k d be a representative maximal parabolic subgroup of GL(n, Q) for some d|n, and let W be the maximal stable subspace associated to P . Let M 1 be a GL(k, F p )-module, let M 2 be a GL(n − k, F p )-module, and let (M 1 ⊗ M 2 ) d be the module M 1 ⊗ M 2 , with S P acting via
it is a subgroup of index 2 in Γ L , and is isomorphic to
is given on the component
Any system of Hecke eigenvalues in
) appears as the system of eigenvalues of such a product, and if f and g are attached to Galois representations ρ 1 and ρ 2 , respectively, then f ⊗ g is attached to ρ 1 ⊗ ω k ρ 2 .
Admissible modules
Throughout the remainder of the paper, we will make the following hypothesis about the Hecke pair (S, Γ), the maximal parabolic subgroup P and its unipotent radical U .
Hypothesis 5.1. Assume that the Hecke pair (S, Γ), the parabolic subgroup P and its unipotent radical U have the property that every element of S −1 P S P ∩ U (Q) is congruent to an element of Γ ∩ U (Z) modulo p.
We note that this assumption is easily seen to be true for (S, Γ) = (S 0 (n, N ), Γ 0 (n, N )), and P = P k d for any d|N (see the proof of [7, Theorem 7.10]). The reason that we need this assumption is that it implies that for an admissible S-module M , the fixed points M Γ U are stable under the action of S P , and hence are an admissible S P -module.
Definition 5.2. An S-module M is f -admissible if there is a finite S-stable filtration of M whose associated graded module is admissible.
Remark 5.3. Note that an f -admissible module must be finite-dimensional. In addition, the contragredient of an f -admissible module is f -admissible.
Proof. We may assume that M = 0. Now Γ U acts on M via reduction module p, and Γ U modulo p is isomorphic to an elementary abelian p-group of rank r = dim U . Since any p-group acting linearly on a finite dimensional F-vector space has a nontrivial space of invariants, M Γ U is nontrivial.
We now argue by induction on the dimension of M . If dim M = 1, then M is trivial as a Γ U -module, so by Theorem 2.7, we see that H * (Γ U , M ) = H * (Γ U , F)⊗M is an admissible S P -module, since it is a tensor product of admissible S P -modules.
If dim M > 1, let A = M Γ U and let B = M/A. Then A is stable under the action of S P , so that 0
is an exact sequence of S P -modules. Since M is an admissible S P -module, so is its submodule A and its quotient B. Then the long exact homology sequence for this short exact sequence includes
Since Γ U acts trivially on A, Theorem 2.7 shows that
is a tensor product of admissible S P -modules, and is therefore admissible. Since H j (Γ U , A) is admissible, so is its image under α. By induction, H j (Γ U , B) has a finite filtration by S P -modules whose associated graded module is admissible. Pulling this filtration back to H j (Γ U , M ) via β, and inserting the image of α below its lowest term yields a finite filtration of H j (Γ U , M ) by S P -modules whose associated graded module is admissible.
Corollary 5.5. Let M be an admissible FS-module.
Proof.
(1) Let C be an irreducible S P -subquotient of H * (Γ U , M ). Choose a filtration of H * (Γ U , M ) by S p -submodules, such that the associated graded module of the filtration is admissible, and refine it to a filtration 0 = F 0 ⊆ F 1 ⊆ · · · ⊆ F k = H * (Γ U , M ) such that each quotient in the filtration is irreducible and admissible. Then, C is isomorphic to some quotient from the filtration, and is hence admissible.
(2) The usual argument ([11, Lemma 2.1]) shows that the given system of H(Γ P , S P )-eigenvalues appears in H * (Γ L , C) for some irreducible S P -subquotient C of H * (Γ U , M ). By (1), C is admissible.
6. Very small weights and the Hochschild-Serre spectral sequence 6.1. Weight spaces in GL(n, F p )-modules. Since every irreducible GL(n,F p )-module is a direct sum of weight spaces for the maximal torus T , it follows that so too is every irreducible GL(n, F p )-module.
Let e i be the n-tuple of all zeroes except for a one in the i-th position. The weight-lowering operators adjust a weight by subtracting e i − e j for i < j. A weight b = (b 1 , . . . , b n ) is lower than a weight a = (a 1 , . . . , a n ) if b can be obtained by applying a sequence of weight lowering operators to a. In this case we write b ≤ a.
Suppose, now, that V = F (a 1 , . . . , a n ) is an irreducible GL(n,F p )-module. The long element w 0 of the Weyl group takes the highest weight (a 1 , . . . , a n ) to the weight (a n , . . . , a 1 ). This weight (a n , . . . , a 1 ) will be the lowest weight appearing in V (since any lower weight appearing in V would be taken by w 0 to a weight higher than (a 1 , . . . , a n )).
Lemma 6.1. Let 0 ≤ m ≤ n, and let V = F (a 1 , . . . , a n ), where a = (a 1 , . . . , a n ) is a p-restricted dominant weight. Set a = w 0 ( a) = (a n , . . . , a 1 ). Then any weight
Proof. (1) Follows since (a 1 , . . . , a n ) is the highest weight in V and (a n , . . . , a 1 ) is the lowest.
(2) For the weight (c 1 , . . . , c n ) = a − (e i − e j ) with i < j it is clear that c 1 + . . .
A similar argument, using the fact that a ≤ b completes the proof.
6.2. Actions of half-scalar matrices on homology. Set Γ = Γ 0 (2n, N ) and S = S 0 (2n, N ). Let P = P n d be a representative maximal parabolic subgroup of GL(2n) for some d|N , and let U = U n d be its unipotent radical. Let
Gg d is a subsemigroup of S P that normalizes U (Q), and for all τ α = g
Hence, by [7, Theorem 7.10], G acts on H * (Γ U , M ). By Theorem 5.4, this action is fadmissible; since each τ α modulo p has order prime to p the action is semisimple. Hence, H * (Γ U , M ) is a direct sum of eigenspaces of G . For an eigenspace W of G , we call the character taking each element τ α to its eigenvalue on W a weight of G . In studying these eigenspaces, we note that there is an isomorphism of abelian groups φ :
Under this isomorphism, there is a bijection between weights of G occurring on H * (Γ U , M ) and weights of G occurring on
Note that these latter weights arise from restrictions of weights on the maximal torus T ⊂ GL(n, F p ).
Lemma 6.2. Let V = F (a 1 , . . . , a 2n ). Assume that S P is contained in a subgroup C ⊆ GL(2n, Q) such that every element of C ∩ U (Q) is congruent mod p to an element of Γ U . Then
(1) G acts on H n 2 (Γ U , V ) with weight σ α → α e , where e = a 1 + . . . + a n + n 2 . (2) If 0 ≤ j < n 2 , then any weight for G acting on H j (Γ U , V ) is of the form σ α → α f , with f = r + j, where a n+1 + . . . + a 2n ≤ r ≤ a 1 + . . . + a n .
(1) This follows from Theorem 2.8.
(2) We prove the following stronger statement:
Let M be a P (F p )-module such that every T -weight λ in M satisfies (*) (a 2n , . . . , a 1 ) ≤ λ ≤ (a 1 , . . . , a 2n ).
Then any weight for G acting on H j (Γ U , M ) is of the form τ α → α f with f = r +j, where a n+1 + . . . + a 2n ≤ r ≤ a 1 + . . . + a n .
The proof is by induction on the dimension of M . First, note that condition (*) is inherited by any T -subquotient of M .
Before beginning the induction, we prove the assertion whenever M is a trivial Γ U -module. In this case, [7, Theorem 11.3] shows that
is an admissible S p -module. The element τ α acts as multiplication by α j on the wedge product, so each weight vector for G will be of the form v ⊗ m for v in the wedge product and m a weight vector in M . Hence, on a weight vector in the homology, the element τ α acts as the scalar α f , where f = j + b 1 + . . . + b n and (b 1 , . . . , b 2n ) is some T -weight in M . Setting r = b 1 + . . . + b n , the result follows from Lemma 6.1.
If dim(M ) = 1, then M is the trivial module for Γ U , and we are done. Suppose dim(M ) > 1. Set A = M Γ U , and B = M/A. We know that A is nontrivial, since Γ U acts via a p-group on a finite dimensional F-vector space. In addition, A is stable under S P .
Hence,
is an exact sequence of S P -modules. Since A and B are subquotients of M , both satisfy (*). Then the long exact sequence for homology includes
If q is a weight vector in H j (Γ U , M ) with weight λ, then it either maps to a nonzero weight vector in H j (Γ U , B) with weight λ, or it is the image of a vector in H j (Γ U , A) with weight λ. In either case, the desired result follows by induction.
Proof. In case i 0 > n 2 − n − 2, since the VCD of Γ L is n 2 − n and the VCD of Γ U is n 2 , we see that all terms of the Hochschild-Serre spectral sequence that could kill off z are 0. Hence, z survives to the infinity-page. Suppose, then, that i 0 ≤ n 2 − n − 2 and n 2 + (a 1 + · · · + a n ) − (a n+1 + · · · + a 2n ) − n − i 0 − 1 < p − 1. Note that G centralizes Γ L and acts trivially on St(W ), so that the action of G on any H i (Γ L , St(W ) ⊗ H j (Γ U , M )) is via its action on H j (Γ U , M ), which we know from Lemma 6.2(2) has all its weights of the form τ α → α f with f = j + r and a n+1 + · · · + a 2n ≤ r ≤ a 1 + . . . + a n .
By Lemma 6.2(1), z must be a weight vector for G , with weight τ α → α e for e = n 2 + a 1 + · · · + a n . Since the spectral sequence is G -equivariant, we will be finished if we can prove that no possible f is congruent modulo p − 1 to e. We will do this by showing that 0 < e − f < p − 1 for all possible f arising from pairs (i, j) of degrees of homology that could kill off z.
The terms in the Hochschild-Serre spectral sequence that could kill off z lie in
where the final inequality is by our hypothesis.
Definition 6.4. We say that a weight (a 1 , . . . , a 2n ) is very small for i 0 if i 0 > n 2 − n−2 or if i 0 ≤ n 2 −n−2 and n 2 +(a 1 +· · ·+a n )−(a n+1 +· · ·+a 2n )−n−i 0 −1 < p−1.
Remark 6.5. If i 0 > n 2 −n−2, every weight is very small for i 0 , so the terminology is somewhat forced in this case, but it is convenient to group both kinds of i 0 together in one definition.
Theorem for very small weights
Theorem 7.1. Let n > 1 be odd, Assume that p > 2n + 1, and let ρ 1 , ρ 2 : G Q → GL(n, F p ) be odd irreducible Galois representations such that ρ 1 ⊕ρ 2 is odd. Assume that ρ 1 has predicted level N 1 , predicted nebentype 1 , and predicted weight M 1 = F (a 1 + n, . . . , a n + n), and that ρ 2 has predicted level N 2 , predicted nebentype 2 , and predicted weight M 2 = F (a n+1 , . . . , a 2n ). Assume also that the n-tuple (a 1 + n, . . . , a n + n) is chosen so that 0 ≤ a n − a n+1 ≤ p − 1, that N 1 N 2 is squarefree, that ρ 1 is attached to a Hecke eigenclass in H s1 (Γ 0 (n, N 1 ), (M 1 ) 1 ) and that ρ 2 is attached to a Hecke eigenclass in H s2 (Γ 0 (n, N 2 ), (M 2 ) 2 ). Finally, assume that the weight (a 1 , . . . , a 2n ) is very small for i 0 = n 2 −n 2 − s 1 + s 2 . Then ρ 1 ⊕ ρ 2 is attached to a Hecke eigenclass in at least one of
Moreover, N 1 N 2 , 1 2 , and F (a 1 , . . . , a 2n ) are the predicted level, the predicted nebentype, and a predicted weight for ρ 1 ⊕ ρ 2 .
Proof. Because ρ 1 ⊕ ρ 2 is odd, det(ρ 1 ) and det(ρ 2 ) have opposite parity. Since attachment is stable under twisting by ω, we can, if needed, twist ρ 1 and ρ 2 by ω, so that det(ρ 1 ) is even if n ≡ 1 (mod 4) and odd if n ≡ 3 (mod 4). Since det(ρ 1 ) and det(ω −n ρ 2 ) have the same parity, we know, by [6, Lemma 2.4] and Theorem 3.5 that ρ 1 is attached to an eigenclass in
. . , a n + n) 1 ) and ω −n ρ 2 is attached to an eigenclass in H s2 (Γ ± 0 (n, N 2 ), F (a n+1 − n, . . . , a 2n − n) 2 ). By Borel-Serre duality, ρ 1 is attached to an eigenclass in
. . , a n + n) 1 ).
Hence, by [7, Corollary 10.3], we see that ρ 1 ⊕ ρ 2 is attached to an eigenclass in
where
, W is the maximal stable subspace of P , U is the unipotent radical of P , and Γ
where M = F (a 1 , . . . , a 2n ), = 1 2 , and m = 3 n 2 − 1 2 + n − (η + η ) or m = n 2 − 1 2 + (η + η ).
Moreover, the weight M , level N 1 N 2 , and nebentype are predicted for ρ 1 ⊕ ρ 2 by [8] .
Proof. Because ρ 1 ⊕ ρ 2 is odd, det(ρ 1 ) and det(ρ 2 ) have opposite parity. Since the main conjecture of [8] is stable under twisting, we may twist ρ 1 and ρ 2 by ω (if necessary), so that without loss of generality, we assume that det(ρ 1 ) is even if n ≡ 1 (mod 4) and odd if n ≡ 3 (mod 4). Letting W = Q n be an n-dimensional space on which GL(n, Q) acts via right multiplication, we use [6, Lemma 2.4] and Borel-Serre duality to find that ρ 1 is attached to an eigenclass in
where ν = n(n − 1)/2. By Corollary 3.4, the matrix −I n acts trivially on (M 1 ) 1 , hence on St(W )⊗(M 1 ) 1 . Similarly, −I n also acts trivially on M 2 = F (a n+1 −n, . . . , a 2n −n), since det(ω −n ρ 2 ) has the same parity as det(ρ 1 ).
Hence, by Theorem 3.5, ρ 1 is attached to an eigenclass in H ν−b (Γ ± 0 (n, N 1 ), St(W ) ⊗ (M 1 ) 1 ) and ω −n ρ 2 is attached to an eigenclass in H t (Γ ± 0 (n, N 2 ), (M 2 ) 2 ). Now, applying Theorem 2.10, taking Γ = Γ 0 (2n, N 1 N 2 ), P = P n N1 ∈ GL(2n, Q), U the unipotent radical of P , and W N1 the maximal stable subspace under the action of P , we see that ρ 1 ⊕ ρ 2 is attached to an eigenclass in
By [7, Theorem 10.4], ρ 1 ⊕ ρ 2 is attached to an eigenclass in
By Theorem 2.8, this is isomorphic to
This is the E 2 ν−b+t,n 2 term in the Hochschild-Serre spectral sequence for the exact sequence 1 → Γ U → Γ P → Γ L → 1. So, we have that ρ 1 ⊕ ρ 2 is attached to an eigenclass in E 2 ν−b+t,n 2 . Since the VCD of Γ U is n 2 , the only terms of the spectral sequence that can kill this eigenclass are the terms E 2 ν−b+t+k,n 2 −(k−1) with 2 ≤ k. Because Γ U acts trivially on W N1 , such a term has the form H ν−b+t+k (Γ L , H n 2 −(k−1) (Γ U , St(W N1 ) ⊗ M )). Corollary 8.3. Let p > 7. Let ρ 1 , ρ 2 : G Q → GL(3, F p ) be irreducible odd Galois representations with predicted levels N 1 and N 2 , predicted nebentypes 1 and 2 , and predicted weights F (a+3, b+3, c+3) and F (d, e, f ) . Choose the triple (a+3, b+3, c+ 3) representing the weight F (a + 3, b + 2, c + 3) so that 0 ≤ c − d ≤ p − 1. Let (η, η ) be one of (0, 0), (0, 1) or (1, 0) . Assume that ρ 1 ⊕ρ 2 is odd, that N 1 N 2 is squarefree, that ρ 1 is attached to an eigenclass in H 2+η (Γ 0 (3, N 1 ), F (a + 3, b + 3, c + 3) 1 ) and that ρ 2 is attached to an eigenclass in H 3−η (Γ 0 (3, N 2 ), F (d, e, f ) 2 ). Then ρ 1 ⊕ ρ 2 is attached to a Galois representation in at least one of H 15−(η+η ) (Γ 0 (6, N 1 N 2 ), F (a, b, c, d , e, f ) 1 2 ) or H 4+(η+η ) (Γ 0 (6, N 1 N 2 ), F (a, b, c, d, e, f ) 1 2 ),
where the level N 1 N 2 , the nebentype 1 2 and the weight F (a, b, c, d, e, f ) are predicted for ρ 1 ⊕ ρ 2 by [8] .
Proof. We note that by [1, Theorems 4.1.4 and 4.1.5], Hypothesis 8.1 is true for n = 3, since three-dimensional Galois representations corresponding to cohomology in degrees 0 and 1 must be sums of characters (and hence reducible) and the VCD of GL(3, Z) equals 3. The corollary is now a special case of Theorem 8.2.
